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Abstrakt

Pii prediktivnim fizenf je v kazdém ¢asovém kroku fesen Fidici optimalizaén{ problem (OCP), ktery je
parametrizovan méfenim/odhadem souc¢asného stavu, vysledek je poté aplikovan do fizeného objektu.

OCP muze byt vyhodné reprezentova skrze kvadratické programovéni (QP). Obecné lze tici, ze QP
muze byt formulovdno dvéma zpusoby. Prvnimu zpusobu se fikd plné usporadani, kde QP obsahuje
mensi pocet optimalizovanych proménnych a zadné nulové prvky. Druhému zpusobu se tika tidké
usporadani, zde je QP formulovano s vice optimaliza¢nimi proménymi, ale zato s mnoha nulovymi
prvky s uréitym rozmisténim.

V souvislosti s fizenim procesu v realném case je potieba fesit QP v kazdé ¢asové periodé velmi
rychle (feknéme v ms nebo dokonce us). Proto za Gcelem snizeni vypocetni ndrocnosti feseni QP,
odpovidajictho linedrnimu prediktivnimu f{zen{ (MPC) s hornimi a dolnimi omezenimi, jsou v této
praci predstaveny dva nové MPC aproximujici pristupy:

Prvnf piistup (fidky) dovoluje vyuziti specifické struktury MPC. Tato aproximace je zaloZena
na myslence neuvazovat model dynamiky jako pevné omezeni, ale radéji modifikovat optimalizaéni
kritérium v MPC tak, ze kazdé nenaplnéni dynamiky bude penalizovano. Navic specidlni #idka
strukura daného problému aproximujiciho zdola a shora omezeného MPC je vyuzita pii vypocCtu
gradientu a Newtonova kroku v metodé kombinujici Newtonu/gradientni projekci. Je ukdzdno na
piikladech, ze uvazovand metoda je rychlejsi nebo srovnatelné rychld s ostatnimi fesi¢i znamymi z
literatury, zatimco kvalita fizeni je zachovana.

Druhy piistup (plny) se zaméfuje na snizeni po¢tu volnosti daného QP, protoze hlavni slabinou plné
formulace je ta, ze ¢as potiebny k jejimu feSeni roste kubicky s poc¢tem vstupu a délkou predikéniho
horizontu. Proto je predstaven piistup aproximujici ¢ast predikéniho horizontu, a tim redukujici
velikost odpovidajici QP formulace. Navic je ukdzano, ze prestoze je pouze zac¢atek horizontu uvazovan
presné, kvalita fizeni neni ovlivnéna prilis.

Abstract

In model predictive control optimal control problem (OCP) based on measurement/estimation of
current state is solved each sampling time then the the result, inputs control is applied to the plant.

The OCP can be efficiently represented via quadratic programming (QP). In general, there are two
types of QP formulation of MPC. The first is called dense where QP has smaller number of optimized
variables and no zero entries. The second is called sparse, here QP is formulated with larger number
of optimized variables but with many zero entries and sparsity structure occurs.

In order to control of real-time process applications solution for the QP solved each time should be
found very quickly (let say in ms or even us). Thus in order to reduce the computational complexity
of the QP related to box constrained linear model predictive control (MPC) two novel approximations
of MPC are introduced in this work:

The first one (sparse) which enables utilization of the MPC specific structure. This approximation
is based on idea not to consider the model dynamics as hard constraint but rather modify the objective
function of MPC to capture the violation of not fulfilling the model dynamics. Furthermore, the specific
sparsity structure of the approximated box constrained MPC problem is exploited in the computation
of gradient and Newton’s step in the combined Newton/gradient projection algorithm. It is shown by
an examples that the proposed method is faster or competitive to other state of the art solvers while
retaining a performance level.

The second one (dense) aims on reducing degree of freedom in the QP since the bottleneck of
a dense formulation is that its solving time growths cubically with number of inputs and length of
prediction horizon. Thus approach which approximate part of the horizon and hence reduces size of
the QP formulation is introduced. Moreover it is shown that although only beginning of horizon is
assumed exactly overall controller performance will not be influenced much.
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Chapter 1

Introduction

Model Predictive Control (MPC) is a multivariable control strategy which can naturally take
into account physical limitation of controlled plant. It is a mathematical method which uses
system model to predict its evolution and thus can be able to compute optimal control action.

In MPC at each sampling time optimal control problem often for finite horizon (usu-
ally formulated via Quadratic Programming (QP)) parametrized by current state measure-
ment/estimation is solved. The solution, current control actions for inputs is then applied to
the plant.

MPC overcomes traditional control methods with systematical approach to controller de-
sign for multiple-input multiple-output (MIMO) system and its ability to inter-corporate
constraints handling. But the optimization problem arising from MPC has significant com-
putational complexity, the main drawback of MPC and the reason why MPC use was limited
to processes with slow dynamics.

First reported application of MPC on industrial process was in 70’s [1] on slow sampled
plant as a heuristic control technique without a mathematical background. Since the time
computation power even of embedded systems rapidly increased and rigorous theory was
built, the MPC is more and more popular even for such kind of low cost devices as e.g. power
converters [2] in nowadays. Moreover in the last decades research on field of very fast sampled
and large-scale systems was announced by [3, 4, 2, 5, 6].

In [7] it was shown that control law in traditional MPC can be expressed as a multi-
parametric QP (mp-QP) and precomputed off-line. Authors also have presented algorithm
for solving mp-QP which is used to obtain the explicit solution. The rest of (on-line) compu-
tational effort is just a searching in look-up table for adequate solution. Small-scale systems
are then enabled to use fast sampling with period in order of ms or even pus. On the other
hand, memory complexity grows exponentially with number of constraints for this method
[7], the alternative algorithm was presented in [8] which for a class of MPC problems reduces
both memory demand and computational time.

But there is a different keynote. Since model of the controlled plant is uncertain and also
measurement /estimation of system states is inaccurate it does not make any sense to solve
associated problem precisely. This idea has motivated research in direction of approximated
MPC. Thus, only sub-optimal solution is found for which overall controller performance will be
still good enough while computational time or memory demand of optimization task decrease
dramatically.

This idea was used for deriving approximated explicit controllers e.g. in [9]. But this idea
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found its way also to on-line solvers. It was introduced by [10] where the active set strategy
(AS) which additionally uses the homotopy of the explicit solution was terminated after cer-
tain number of iterations without necessary obtaining of exact solution. In [2] the Nesterov’s
type of fast gradient projection algorithm (GP) was established with certified minimal num-
ber of needed iterations to a given accuracy of objective function. Similar approach was also
presented in [4] where a primal interior point method (IP) with fixed barrier parameter was
terminated before the optimum was found.

Furthermore the approach of approximating the original objective function of MPC to
reduce computation complexity or memory can be found in recent literature. For example see
[11, 9, 6] where polytopic approximation of objective function is used to reduce complexity
of explicit solution. The modification of objective function is used in [12] to decrease number
of needed iterations in the combined Newton-like/gradient projection algorithm.

The authors of [13] reformulated original MPC problem to different variables using a
singular value decomposition (SVD) of the problem Hessian. In [14] it was proposed to refor-
mulate the MPC problem to one with reduced number of variables using SVD of simulation
data.

It is known that AS methods are very effective in practice but involve many computa-
tionally demanding iterations when the active set of constraints needs to be changed a lot for
example during the transient when the references are changing. On the other hand, for GP
methods it was shown e.g. in [2] that they can rapidly identify a new active set of constraints
but they involve many iterations when the problem is ill-conditioned which is the case for
many practical implementation of MPC. The solution was introduced in [15, 16] where the
GP method was combined with Newton’s method.

This work consists two novel approaches. The first proposed method is based on the idea
to modify the original MPC problem in a sense that the system dynamics is not as usual
considered as hard equality constraint but rather as the soft constraint modeled via quadratic
penalty with fixed weight in criterion. This is based on the observation of [4], where it was
shown that the performance of sub-optimal controller was still comparable with the ”exact”
one even when the constraints on the system dynamics were not fulfilled. But here it will
be shown that the controller performance would not degrade much if such an assumption is
made at the beginning.

Furthermore, it is also shown next, that the resulting optimization problem has special
sparsity structure. This structure can be exploited in the combined Newton/gradient projec-
tion algorithm [16] to reduce growth of computational complexity of gradient and Newton’s
step computation from cubic to linear with increasing prediction horizon. But contrary to
the original work in [16], in this work the MPC problem is not formulated by dual variables
but rather by primal, hence the result of each iteration is feasible with respect to constraints.

The second approach has been motivated by the idea that it makes sense to compute
only the current control input because the rest of horizon will be discarded. Thus the idea
is to split control horizon and reformulate optimization problem so only the beginning of
prediction horizon will be taken exactly while the rest will be approximated by control policy
with no constraints. This arise in optimization problem with chosen (smaller) size which
corresponds to size of exactly taken part. Moreover it will be shown that although only
beginning of horizon is constrained overall controller performance will not be influenced much.
This method produces a dense optimization problem (with no zero entries) thus the structure
of the problem is lost and hence any general QP solver can be used.

This work is organized as follows: In Chapter 2 an introduction to MPC is presented. In
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Chapter 3 modern methods used for solving QP arising in MPC are introduced. Chapter 4
concerning our work. Particularly two novel approaches are proposed: 1) Sparse formulation
for large-scale systems which assume system dynamics penalty and exploiting the problem
structure; 2) Approximated dense MPC formulation framework which in limit case produce
QP where only current control is computed. Thus this formulation should be especially
suitable for embedded devices since a small amount of memory (and solving time of course)
is required. Each approach is followed by numerical experiments proving their effectiveness.
At the end of the work in Chapter 5 this work is summarized.

Appendix A includes recently introduced approach [17] very inspiring for our work since
it also takes advantage of the Moore-Penrose pseudoinverse is employed therein. In Appendix
B contain of appended CD is shown.

1.1 Notation

In this work, if not defined otherwise italic letters denote vectors or matrices (e.g. v, M),
bolt italic denote vectors or matrices are defined by another vectors or matrices (e.g. v, M).
Identity matrix is expressed by I. Positive definiteness is denoted by @ > 0 (resp. @ > 0
positive semi-definiteness) and for two vector relation operator (e.g. x < x) has elementwise
meaning. Constants are denoted by Greek letters (e.g. «a, k) and sets by calligraphic one
(e.g. A, X). Especially two different discrete times are used in here: k denotes absolute
time, while n denotes optimization time. Subscripts denote time instance (e.g. xy, x,) or jth
component (e.g. u;) and superscripts (-)® denote iteration in algorithm loop. Moore-Penrose
pseudoinverse is denoted by ()T, optimal value by (-)*. And finally ® denotes Kronecker
product.




Chapter 2

Model Predictive Control

The idea of model predictive control (MPC) is to employ model of controlled plant. Current
state is measured or more often estimated, then optimization problem parameterized by
received data is computed. There are many variants how objective function for MPC can be
defined. One way is to use of [y, lo or [y, criterion which leads on linear programming.

Linear programming in MPC was investigate in past (e.g. [18, 19]) since it is much less
computationally demanding. But it also suffers many practical drawbacks as it may yields
either dead-beat or idle control performance and that may be unsuitable for process control
applications [20]. Thus most often in control process applications quadratic objective function
is assumed. Then the optimal problem can be efficiently formulated as a quadratic program
(QP).

Once QP is solved the optimal control over prediction horizon is obtained but only the
first control move is applied to the plant and other results are discarded. In the next period
new current state is obtained and optimization for receded prediction horizon is executed.
The principle that optimal control problem is computed each time-step is known as receding
horizon control (RHC) and entails that resulting control becomes closed-loop.

Thus QP optimization task in MPC is needed to solve each time-step. It may be very
time-consuming thus several solutions of MPC were developed, namely online where each
time QP is solved online and offline (or explicit) where control law is derived and solution
stored. Hence online computation is only simple evaluation of piecewise linear function defined
explicitly [7, 9, 21]. Hybrid approach which provides trade-off between computational-time
and memory demand has been introduced e.g. in [5] where they use piecewise affine (PWA)
approximation of control law to warm-start the online optimization.

MPC is optimal control method and many different optimization criterion, control strat-
egy has been studied and used in practice. For example the most common optimization
criterion for regulator control problem used very often in literature is square of states and
inputs with fixed weight. For tracking problem rather formulation with tracking error and
control increments in optimization criterion is used. Weighting of control increments Au
cause that control strategy will be integrative-like [22]. Another approach where control
policy minimizing settling time is proposed in [23].

Number of optimized variables of resulting QP grows linearly with horizon length. More-
over computational effort of solving such QP grows at least quadratically [16, 4]. Conditioning
of the problem also determines its computational burden (issue of ill-conditioning is considered
e.g. in [2]). Thus methods to decrease degree of freedom of resulting optimization problem
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are wanted. One of the methods so called input-blocking method [24] makes problem smaller
by fixing inputs over several time-steps.

The stability of MPC can be guaranteed trough choosing of three essential ingredients.
The ingredients are the terminal cost function, the local control law, the terminal constraints
for which stability conditions must held [25]. Next, only an assumption that MPC is close-loop
stabilizing is admitted.

In this chapter basics of constrained finite-horizon linear quadratic requlator (CFH-LQR)
will be described in sense of one step of MPC on regulator problem. Then a few fundamental
formulations of optimal control problem will be presented. Description of RHC follows as
a concept which transform CFH-LQR open-loop policy into closed-loop one. At the end
formulation of tracking problem is provided.

2.1 State-Space Model

This work is focused on discrete time linear time-invariant (LTT) systems only described by

Trr1 = Axg + Bug
yr, = Cy, (2.1)

with states xp € R™, inputs up € R™ outputs yr € R™ and known data as dynamics
A € R™X" a5 well as input B € R™ > output C € R™*" matrices. The k € N° denotes
absolute discrete time.

2.2 Prediction

Predictive control uses prediction of system evolution over some finite horizon for decision of
optimal control strategy. The prediction is parametrized by currently measured/estimated
state . State prediction for LTT (2.1) for prediction horizon with length N can be written
by iterating (2.1) as (2.2) [22].

x =vry+ Vu, rg=x) (2.2)
Uh - B -
A? AB B
v=|A*| v=| A’B 4B B : (2.3)
| AN |AN-1p AN=2p AN3B ... B
where x = [az{, :EQT, e ,x%]T e RN = [ug, ulT, . ,u%_l]T € RN and with prediction

matrices v € RN mexnz V¢ RN naxXNena,

2.3 Constrained Finite-Horizon Linear Quadratic Regulator

Usually when MPC is introduced in literature only constrained finite-horizon linear quadratic
(CFH-LQR) is described with assumption that RHC concept is applied. Thus by solving
CFH-LQR which is open-loop problem based on new measurement in every time-step the
overall strategy becomes closed-loop called MPC.
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2.3.1 Problem Statement

It is defined general quadratic initial cost function ly, stage cost function I, and terminal cost
function Iy to precise description of whole optimization horizon as

lo(uo) = ud Roug + (228 So + g (2.4a)

T T
ln(Tn, un) = [in] [gn f%n] [Zn] +q¢rzn +rlu, (2.4b)
In(zn) = TNQNTN + qNTN, (2.4¢)

where Q, = QF > 0 is state, R, = RL > 0 is input and S,, > 0 is cross weighting matrix.
Optimization problem which need to be solved minimizes square power of states and inputs
over optimization horizon subject to linear state and input constraints with respect to system
dynamics. Such problem is stated as

N-1
min  lo(uo) + Z (T, un) + IN(2N)
n—=
s.t. Tn+1 = Axy + Buy, xg = x) is current state
Enzy < fn (or even Exzy = en)
n=0,1,...,N —1. (2.5)

The problem (2.5) is very general but complex and hence is usually simplified. In many appli-
cations states and inputs cross weighting is not required or it is possible to find transformation
such that S,, =0, n=0... N —1 [26]. In many application and also in this work linear terms
are considered equal to 0.

Over the horizon it makes sense to have constant weights Q.20 = @, R, = R,n =
0,...,N — 1. Remind that current (or initial) state zj is not minimized since it cannot be
influenced by new control action.

Due to stability issue terminal cos is usually added [25]. Then for choosing Qn sev-
eral strategies are relevant: Qp is the stabilizing solution of Riccati equation ATQnA —
Qn —ATQNB(BTQNB+R)"'BTQnA+Q =0 or Qy is obtained from Lyapunov equation
ATQNA - QN = Q.

In (2.5) general state-input dependent polyhedron-shape constraints are assumed. But it
shows in control practice that box-like limitation are usually sufficient [15]. Moreover hard

state constraints can make problem infeasible thus they are usually assumed as soft to prevent
controller are halted [27].

Furthermore if one accept assumption S, = 0, n = 0,1,..., N — 1 constraints split into
state and input independent constraints and computational complexity is decreased signifi-
cantly since it can be exploited by optimization algorithm [4].
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Therefore simplified MPC minimization problem considered in this work is defined as

N-1 N-1
min :L'%QNI'N + Z +$£Q:En + Z +ugRun
n=1 n=0
s.t. Tpy1 = Az, + Buy
<1, <T
U< U, <
n=01,...,N—1. (2.6)

The constant vectors z, u denotes lower bounds and T, w upper bounds for states and inputs.

2.4 Basic Formulations

In this section two basic (exact) formulations of optimization problem (2.6) are shown. First,
primal' dense formulation is shown and then formulation usually denoted as sparse. For
comparison of these two formulation see e.g. [28].

Advanced concepts have been discovered recently. For example in [29] the sparse but
compact approach was presented. The idea introduced therein is to specifically express the
inputs as an affine function of the states such that resulting closed-loop dynamics matrix
becomes nilpotent. Then Hessian of the proposed optimization problem will be compact and
sparse.

2.4.1 Primal Dense Formulation

So called primal dense, condensed or simultaneous formualtion of QP is described here. By
injecting (2.2) into (2.6) exact condensed QP problem is obtained as follows

1
min “u"Hu+ fTu

2
s.t. x—vr, < Vu<T-—ovxg
u<us<u (2.7)
with lower bounds u = [g{,g{, e ,g%fl]T € RV« upper bounds w = [ﬁg,ﬂlT, ... ,ﬁ%fl]T €
RY " and where Hessian matrix H € RY XN and linear part f € RV ™ are
H=VvV'QV +R (2.8a)
I =vTQuxy (2.8b)

with weighting matrices Q = blkdiag(Q,Q,...,Qn) for states and R = blkdiag(R, R, ..., R)
for inputs.

In this case the Hessian contains in general no zero entries (see (2.9)) hence the formulation
is called dense or condensed. Due to high power order of A in the Hessian the condition

Note that variable elimination applied on sparse formulation leads to dense one. We distinguish primal
and dual dense (or condensed) formulation in dependency which variables are eliminated. If state variables
are eliminated as it is usual we call the formulation primal otherwise if inputs are eliminated we call the
formulation dual.




CHAPTER 2. MODEL PREDICTIVE CONTROL

number? is relatively high in contrast with other formulations described later. The specific
structure can be seen in Hessian

Zi\/;ol BTAnTQAnTBT +R 27];7;02 BTAn—HTQAnB o BTAN_lTQB
g | SN BTATQAB SR BTATQATBT R ... BTANIQB
BTQAN—lB BTQAN—QB BTQB+R
(2.9)

For this formulation input constraints are handled implicitly but simple form of state con-
straints is not preserved.

2.4.2 Sparse Formulations

Approaches discussed here are just straightforward transcription of considered minimization
problem (2.6). It can be done in two ways, using two different ordering of optimization
variables. For sake of completeness they are shown both in this section: 1) Ordering where
input and state variables are grouped separately; 2) Ordering where states and inputs are
alternating, integrated together.

In sparse formulations of MPC the optimization variables are states and inputs. Opti-
mization variable vector of sparse optimization problem is denoted by z and is defined in
following sections. Regardless the variables ordering degree of freedom is n, = N(n, +n,) in
both cases (in contrast to primal condensed formulation where it was only N - n,). On the
other hand sparse pattern in the Hessian matrix occurs and can be exploited.

2.4.2.1 Formulation with Separated States and Inputs

Next it is shown how problem (2.6) can be reformulated. The prediction (2.2) can be rewritten
in different manner as

Ax+Bu=d (2.10)
with appropriate matrices, summarized below
—1I B —Axy
A —I B 0
A = A T , B= B , d= 0 . (2.11)

For the definition of box constraints in a way as were defined in previous section and for
T _ 7 T , S
xr = [@T,QT, . ,QT] € RN and © = [xT,:rT, .. .,xT] € RN optimization problem

(2.6) can be rewritten into

1 1
min EacTch + iuTRu
s.t Ax + Bu=d
z<x<T

u<u<m, (2.12)

2For symmetric positive definite (SPD) matrix A condition number x can be defined as x = %7 where L
denotes the biggest while u the smallest eigenvalue of A.
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where equality constraint denotes system dynamics and it is equivalent to (2.2).
In formalism of QP task the previous problem can be viewed as problem where minimiza-
tion variable is z = [u”, "], hence one can rewrite (2.12) as

1
min izTHz

s.t C

IN &

z
<z<7%, (2.13)

[N

where by comparing (2.12) with (2.13) appropriate matrices are obtained in form

H:[R Q],C:[B A},z:m,z:m. (2.14)

x T

This kind of ordering is very illustrative and was used e.g. in [26] where it was also shown
that the problem structure can be exploited even when the problem is formulated as a dense.

2.4.2.2 Formulation with Integrated States and Inputs

Here the idea used e.g. in [4] is followed. In this paper they used substitution where states
and inputs are optimization variables, integrated together in sequence

_1,T T T T T T n
2= (U, Ty W1 -+ UpsN—1, Thyy] € R™ (2.15)

With such ordering the optimization problem (2.6) can be stated in QP form as

1
min izTHz
S.t. Cz=d
z<z<zZ

— — I

where appropriate matrices are defined as

R 0 B I
A B -1
H= R , C = :
A B -1
I O\
gz[gT 2T W QT]T,E:[UT zr ol ... ET]T. (2.16)

Remind (2.11), where d = [—AT,OT,OT, . .}T.
This formulation is reasonable where advanced concepts as penalty method or barrier

method are used since problem sparsity is preserved and can be exploited further [4].




CHAPTER 2. MODEL PREDICTIVE CONTROL

2.5 Receding Horizon Control

Until now just open-loop optimal control problem was considered. To obtain feedback loop
receding horizon control (RHC) concept is used. The idea of RHC is to solve open-loop optimal
control problem every time period since new state measurement /estimation is available. Every
time period optimization problem is solved and solution for whole prediction horizon is found
but only first control action is applied to the plant. Next time new measurement is obtained
and another open-loop optimization problem solved. Therefore it becomes a closed-loop
control.

In Figure 2.5.1 principle of RHC is illustrated when also input-blocking [24] is considered.
Then N¢ denoted correction horizon after which control is assumed to be constant. Remind
that this technique is often used to reduction of computational demand.

PAST FUTURE
o - e
<
T
>
T X
9o
o E
=)
Q. 4
= ®
©
£ A >
k k+N, k+N
Qo
g optimal sequence
S —
>+
o X
Lo
@®
S L
Q. 4
= ®
® D
S >

K+ k+N +1 KN+ discrete time

Figure 2.5.1: Receding horizon control - two time-steps.

2.6 Tracking Problem

This whole chapter has been describing regulator problem. Its definition, reformulation into
various QP tasks and RHC concept on which MPC is based were shown. Here also CFH-LQR
will be considered. But tracking problem with constant reference will be described here for
further use in Chapter 4 where for purpose of demonstration rather tracking then regulator
problem solution is shown.
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2.6. TRACKING PROBLEM

2.6.1 Augmented State-Space Model

State-space reformulation for tracking problem with constant reference is described in this
section. Hence augmented state-space model formulation consists of additionally reference and
previous input (for the purpose of so called incremental control formulation [22] where control
increments instead of control itself is optimized). Note that such prediction is parametrized
by initial augmented state vector in other words by initial state, reference and input control
from previous time-step thus augmented state vector length is nz = n; + ny + ny.

Thit1 A B 0 Tk B Tk
ug | =10 T Of (up—1| + |1 ]| Au, T = |ugp_1 (2.17)
Tk+1 0 0 I Tk 0 Tk
. > —~
A Tk B
gr=1[C 0 0]y (2.18)
a‘{—/
C
ér=1[C 0 —I]iy, (2.19)
—
C.

V\lhere Ty € RN‘”% A~uk = up — up_1 and g, € € R™ thus known data are A€ Rrexnz
B € R"*™ and C,C, € R™*", Remind that €, = g — 7k.
2.6.2 Prediction Based on the Augmented State-Space Model

Let describe prediction with augmented state-space model for output error obtained by iter-
ating (2.19) and assumption of (2.17) as

e =wIy)+ WAu, g = I (2.20)
_ éeA - _ éeB -
C, A C.AB C.B
~ -~ ~ =2 ~ = -~ = ~ =
w — CeAS . W=| CAB C.AB C.B 7 (2.21)
6.4" ] c.A"'B ¢.A" B C.A" B C.B|
where € = [ég,érf, e ,é]:@_l]T € RV and where also augmented prediction matrices are

w € ]RN-TLan;c7 W < RNy xN-ny_

2.6.3 Problem Statement

Since the objective of tracking problem is to track the reference criterion for the problem can
be stated as

N-1 N-1
min é%QNéN + Z ég@én + Z AugRAun,

11



CHAPTER 2. MODEL PREDICTIVE CONTROL

where Q,Qn € R™*™ are tracking weighting matrices. Another requirement is usually to
track asymptotically hence Au is weighting and control strategy become integrative-like. For
more details see [22]. Therefore reference tracking problem can be stated as

min

s.t.

N-1 N-1
eNQnen + > ErQén+ > Aul RAuw,
n=1 n=0
Tp+1 = Az, + Buy,
é<e,<é
u<u, <u
n=0,1,...,N -1, (2.22)

12



Chapter 3

Methods for Solving MPC Problem

Model predictive control can be formulated as a convex optimization problem for which many
algorithms already exist. The most often problem is formulated as quadratic programming
(QP) for which very efficient methods are known. By quadratic program is in this work
mentioned optimization problem with quadratic objective function minimized subject to linear
equality and inequality constraints.

Namely the two main approaches used to solve QP arising in MPC are active-set method
(ASM) and interior-point (IP) method but also many variations of these algorithms were
developed.

In short, active-set methods are those which solves a QP such that they are finding active
set of the optimizer. Once the active set is found it is easy to compute the minimizer. Interior-
point method are those which use some kind of barrier method to approximate the original
problem by unconstrained one in every iteration. These related nonlinear problems are then
solved in sequence.

In each implementation of such algorithm is opportune to use linear algebra library with
already optimized performance to increase performance of the QP solver. The two very
popular and widely used linear algebra libraries are Basic Linear Algebra Subroutines (BLAS)
[30] and Linear Algebra PACKage (LAPACK) [31].

The former provides routines in three levels: Level 1) routines with algorithmic complexity
O(n) such as computation of euclidean norm, copying vector, vector swap or scalar-vector
multiplication; Level 2) routines with complexity O(n?) such as matrix-vector multiplication,
hermitian rank or symmetric rank computation; Level 3) routines with complexity O(n?)
such as matrix-matrix multiplication or solving triangular matrix with multiple right hand
sides. All these routines are present in version for single, double, complex and double complex
variables and utilized for different matrix types as banded, packaged, symmetric or general.

Similarly the latter, library providing routines for solving systems of simultaneous linear
equations, least-squares problem of linear systems of equations, eigenvalue problems or sin-
gular value problems. Common matrix factorization as LU, Cholesky, QR, SVD or Schur are
provided therein. Our implementations aspire to efficient use of these libraries.

Many different solvers which are focused on optimization in MPC were developed recently.
Namely, solver gpOASES is an open-source C++ implementation of active-set method which
is able to exploit sparsity structure which arises in some MPC formulations and it was used
e.g. for control of a diesel engine [10]. Another open-source project, ACADO Toolkit, package
of algorithms for automatic control (including MPC), state and parameter estimation etc. was

13



CHAPTER 3. METHODS FOR SOLVING MPC PROBLEM

developed in [32]. A Matlab toolbox called FiOrdOs, C-code generator of first-order methods
was developed at ETH Zurich [33]. Code generator CVXGEN [34] for convex optimization
problems was developed at Stanford University.

In this chapter several different method will be shown. First, in Section 3.1 primal barrier
interior-point method is described. The rest of the algorithms in Sections 3.2, 3.3, 3.4 can be
seen as a variation on active-set method.

Different notation to the rest of the work will be used here. Thus x does not denote state
or u does not denote input anymore in this chapter.

3.1 Barrier Interior-Point Method

Interior-point methods are algorithms which are able to solve convex minimization problem
subject to linear equality and even inequality constraints. Let us assume such convex opti-
mization problem in a form

min  f(z) st. Az <b, Cz=d, (3.1)

where A € R™*" b e R™, C € RP*", d € RP with number of inequality constraints m and
equality constraints p are known data and where f(z) = (1/2)z” Gz + cx is convex quadratic
function with 0 < G = GT € R™*", ¢ € R™.

The idea is to solve sequence of equality constrained QP (EQP). Each of these EQP
approximates original problem in the beginning of each iteration by barrier function. Such
problem can be defined as

x*(t) = arg Héin tf(z)+ ¢(z) st. Cx=d, (3.2)

where z()"(t) is optimizer for the approximate problem (3.1) at ith iteration and ¢(x) denotes
barrier function. Solutions of approximated problem (3.2) z*(t(*)) is denoted as central points
and whole sequence (z*(t®),i = 0,...,imaz) as central path. Computation of z*(t()) every
iteration starts from the previous central point. In the end the solution of entire QP is
reached.

For this purpose starting point x for initialization optimization in next iteration must be
updated. In [35] it was shown that solution will be e—optimal simply if ¢ satisfies (m/t) < e.
At the end of the iteration barrier parameter ¢ is increased.

Parameter ¢ denotes approximation accuracy. It is obvious that parameter ¢ provides ratio
of how much original objective and how much barrier function is weighted. For t — oo more
accurate central point is founded (centering). But exact computing of z* is not necessary
since even for inexact centering l'(i)*(t) the centering path converges to optimal point.

The exact barrier function ¢(x) can be expressed by indicator function. But such function
is not differentiable in general and thus Newton’s method cannot be applied [35]. Thus rather
worse approximating logarithmic barrier is defined as

m
d(xD) = Z —log(b; — a;‘-F:U),

J=1

where b; are components of b and a]T are rows of A.
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3.2. ACTIVE-SET METHOD

System of optimality conditions, so called KKT system of (3.2) has to be solved in the
algorithm 1 each iteration. For this purpose several approaches how to solve KKT system
can be found e.g. in [36].

The algorithm of primal interior-point method or also barrier method is summarized
below.

Algorithm 1: Primal Barrier method [35]

1: Set feasible z, t©) > 0, w > 1, tolerance € > 0.

2: for i = 0 to 7ypax do

3. Compute z*(t®) by solving KKT system of (3.2) which is initialized by previous
central point z.

4:  Update z = z*(t1).

5. if (m/t) < e then

6: Stop with «* = z.

7. end if

8 Increase t; t(+1) = (),
9: end for

Note that choice of parameter p involves a trade-off between number of inner and outer
iteration. Large pu means fewer outer iteration but more inner iteration etc.. In practise,
parameter p value is typically chosen in order a decades [35]. But also it has been observed
that for purpose of MPC fixed barrier parameter with combination of fixed maximum number
of iterations is sufficient then suboptimal solution may be obtained for medium sized QP in
order to ms without significant loss of performance [37].

Also note that maximum number of iterations is guaranteed for this algorithm and it is a
polynomial in the dimension and accuracy of the solution.

3.2 Active-Set Method

Algorithm of primal active-set method (ASM) shown in this section is more precisely described
e.g. in [36].

In ASM also rather sequence of EQP is solved as in IP. But no approximation of inequality
constraints is provided in ASM rather active set of the optimal point is identifying step by
step. Once active-set is known it is easy to find problem solution by solving EQP subject to
active (equality) constraints.

In order to simplification some of technique for equality constrained QP such e.g. Schur-
complement or Null-space method can be used and general QP reduced into the form of (3.3)
[36]. Thus main focus is to solve inequality QP (IQP) as follows

1
rnmin ixTGx +cx st a?m <b,jel. (3.3)

In ASM problem (3.3) is usualy transform such that newton’s step is computed so the problem
can be reformualted as

1 - .
ipTGp +¢9p st aij =0,5 e WO, (3.4)

p(i) =arg min
p

where W is working set at ith iteration defined such that consists all active constraints
or a?m(i) =bj, j € W and aJTw(i) < bj, j ¢ W and where the gradient is defined as
¢ =Gz 4 ¢,
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CHAPTER 3. METHODS FOR SOLVING MPC PROBLEM

The subproblem (3.4) is need to be solved at each iteration it is expressed in terms of the
Newton’s step p = 2 — (9. Then potential optimizer is then found by z(t1) = 2 4 oD p(),
Step-size at ith iteration for each component is found by

, b; —alz®
o = min [ 1, min . (3.5)
JgWO.aTp®>0  aj pld)

In nontrivial case where some constraints are active in optimum algorithm works as follows:
Let have optimization variable x consist of components x;. Then for problem minimizer
aJTa:* =b;, j € Aand a?m* < bj, j ¢ A where A is set of active constraints. For known
active set the minimizer can be computed simply such that the problem subject to inactive
constraints only is solved. Unfortunately such prior knowledge is always unknown and thus
must be found step by step. For this purpose working set is defined and updated every
iteration until the active set is reached.
At the beginning, algorithm start at position z(®) for which a?ac(o) =bj, j € WO and
af:z:(o) <bj, j¢ W Then Newton’s step is computed and two option may occur according
to solution of (3.5):

o) £ 1 Constraint j for which minimum in (3.5) is found is called blocking constraint[36]. The
constraint must be added to the working set and new iteration is needed.

a® =1 No constraint is violated. Then current position is tested for optimal (Karush-Kuhn-
Tucker (KKT)) conditions. If the current point is KKT optimal denoted by z* it is
accepted and the Newton step is applied. Otherwise constraint which disallow us to
find better solution must be removed from the working set.

The algorithm is summarized below followed by algorithm properties.
Algorithm 2: Active-Set Method for Convex QP [36]

1: Set W) such that it is subset of active constrain at z(%).
2: for i = 0 t0 ipax do

3. Solve (3.4) to find p®

4. if p( =0 then

5 if () satisfies KKT conditions then

6 Stop with z* = z(?)

7 else

8 Remove constraint which prevent to find better solution
9: end if

10 else {p( # 0}

11: Compute a® from (3.5)

192: D) = 20 4 o(@)pl

13: if if jth constraint minimize (3.5) then

14: WD) is obtained by adding jth constraint to W)
15: else

16: W) = W)

17: end if

18:  end if

19: end for
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3.3. FAST GRADIENT PROJECTION

Algorithm is simple, effective and suitable even for complex-shaped constraints. Its com-
putational burden is typically O(n?) (when updates are used in the factorization process
during Newton step computation) where n is number of problem variables. Important draw-
back of this method is that only one constraint can be added/removed in working set each
iteration. Thus when the initial working set is far away from the optimal one, algorithm
converges in large number of iteration for large-scale problems.

Moreover variations as primal, primal-dual and dual ASM are known. For example dual
ASM method tailored for MPC is presented in [10]. Algorithm proposed therein is able to
exploit solution of previous optimization to improve its performance but in contrast to primal
barrier method it is not provide feasible point at each iteration.

3.3 Fast Gradient Projection

The Gradient projection method (GP) was introduced in [38] as a generalization of the steep-
est descent method of optimization problems with convex constraints. In general, the GP
solves problem

min flx) st. zeX, (3.6)

where f(x) is a continuously at least once differentiable function f : R — R and X C R" is
a non empty closed convex set.
The projection of y onto X is the mapping P : R® — X defined by

P(y) = argmin ||z —y|| st. ze€X. (3.7)
T

The gradient projection algorithm is then defined by
2 (D) = P2 — oDV f(2))), (3.8)

where oY) > 0 is the step-size, and V f(z(?)) is the gradient of f at (.

Several line search algorithms for GP were introduced, namely generalized Armijo proce-
dure [39] or the exact line search which search for the first local minimizer, called the Cauchy
point z¢ (see [36] for detailed explanation).

The main drawback of GP is that the computation of the projection is expensive for
general type of constraints since it may lead to the QP in general [12]. On the other hand the
projection on the set defined by box with lower and upper limits can be done very efficiently
by component-wise median operation [12].

Since GP is based only on the gradient it inherits the convergence from the steepest
descend method hence for the problems which are ill-conditioned it needs many iterations
to converge. Thus there is shown modification of original method, fast gradient method [2]
based on Nesterov’s gradient projection method [40]. Similar gradient method for MPC was
improved in [41] where problem structure was exploited in gradient computation.

Let us assumed minimization problem (3.6) in simplified form with quadratic criterion as
follows

1
min §xTHa: + [Tz, z e, (3.9)
x

where 0 < H = H” € R™", f € R" and where X is box constrained feasible set defined such
that x <z <7, Vx € X.
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In contrast with traditional gradient method this method is not descent anymore. Thus
F(@0H)) < f(2®) Vi € N° but rather condition for descent sequence is considered \; — 0
and ¢;(z) > (1 — X)) f(z) + Njoo(x),Vj > 0,Vx € X where {¢;(x)}5° and {);}§° are called
estimate sequences.

In the algorithm fixed step-size —(1/L) is used with no addition computational effort
although it has been proved that it has same rate of convergence as other step-size rules [42].
Lipschitz parameter L = Apax(H) and convexity parameter g = Apin(H) have to be known.

Briefly summarize, at the beginning initial values are set. Additionally, a(d,3® i =
1,...,imaz can be precomputed (computed offline) for time saving as was shown in [43].
First of all, gradient Af® = Hz® 4+ @ is computed and x}i) found. In the next step
simple projection by median function applied element-wisely is used and feasible adept to be
optimum found. Then algorithm check this point 2+ on KKT condition and stops if positive
otherwise initial position for next iteration y+%) is calculated. Parameter a(*1) € (0,1) is
computed from (a(*1)? = (1 — aD)(a)? 4 pa;11/L in original [43].

Algorithm is stopped when optimum is found (KKT conditions are satisfied). But usually
many iteration to converge is needed and KKT checking computational complexity may not
be neglected. Thus fixed iterations are preferred for real-time application. Minimal count of
iteration necessary for given e-optimal solution can be computed for this method [43].

The algorithm of fast gradient method is summarized lower.

Algorithm 3: Fast gradient projection for box constrained convex minimization [43]

1: Set feasible y° = 2% € X, 0 < \/%S ap < 1

2: for i = 1 to imax do

2 =y — (1/L)AF(yD)

20+ =median(z, 2@, 7)

if 20*Y gatisfies KKT conditions then
Stop with z* = z(+1)

end if

o) — (— (@@L 4+ \/A@D L7 1 (D)L — p)?) /2L

B = a(i)(l — a(i))/((a(i))2 + a(i+1))

10: gt = 6+ 4 g0 (x(iJrl) _ x(i))

11: end for

W

Note that since GP is gradient based, the speed of convergence depends heavily to the
problem conditioning. To overcome this technique of preconditioning which provides coor-
dinate transformation z = Tz, where T' € RV "«XN"u is diagonal SPD matrix (precondi-
tioner) are used. Hessian in new coordinates z will be Hpey = TTHT. Moreover, optimal

transformation 7* can be found by solving miny % [44].

3.4 Combined Newton/Gradient Projection

The bottleneck of gradient projection method is that it finds optimum in large number of
iterations. Whereas in [45] gradient projection technique which find solution for bounded
quadratic problem with a thousands of variables in a few iterations (less than 15) system
was introduced. Also the algorithm which combines gradient projection with Newton-like
methods were introduced in [15] and [16].
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3.4. COMBINED NEWTON/GRADIENT PROJECTION

These methods use an Newton’s step of result of iteration (3.8) by solving the following
problem for better convergence rate [16] whereas gradient projection accelerate identification
of optimal active set.

In the algorithm at the beginning gradient initialized by z(® is computed and direction of
n((eg);ative gradient is projected f(u)rther. The solution of projection is denoted as Cauchy point

(2 (3

x'. Next improvement step z}’, Newton’s step is obtained by solving

ng) = argrg(iigl fz) (3.10a)
s.t. :cgi) = :c(g%, jewl, (3.10b)

where W) denotes the working set of active constraints in the Cauchy point xg) at ith
iteration of the algorithm. The Cauchy point xg) denotes the first local minimizer found in
this case by exact line search along the procedure path.

Since the result of (3.10) can be infeasible with respect to constraint :cgf) € X, the direction
form Cauchy point towards :Eﬁ) is projected onto feasible set by the same technique as the
negative gradient is in the gradient projection step by

x%) (B(i)) — 'p(x(i) + B(i)p(i))7 (3.11)
where p(!) = xﬁ) — :L‘(é) is the Newton’s step for problem (3.10) and () is found nor by median
function as in previous section but rather exact line search procedure (see [36] for details) is
used since it cause better convergence and solution is denoted the first local minimizer along
the projected path. Furthermore modification of exact line search method such that residuum

of the Newton’s projection is exploited may yields in even better convergence rate. Method
is summarized in Algorithm 4.

Algorithm 4: Combined Newton/Gradient Projection Algorithm [16]

1: Set feasible z(?) ans i € N.
2: for i = 0 to 7pax do

3. if () satisfies the KKT conditions then
4 Stop with 2* = z(?)

5. end if

6:  Gradient Step: Starting from z(® find gradient step.
7

8

9

Gradient Projection: Project gradient to find the Cauchy point :L'g) by (3.8).

Newton’s Step: Find an improvement point a:gf) by solving (3.10).
Newton’s Projection: Starting from :cg) project p() = :cgf) — x(é) to find first local
minimizer xg\’;) by (3.11).

0 2@ =z

11: end for

In [16] this algorithm but in combination with dual variables was shown. This algorithm
with tailored Newton’s step and gradient step exploiting problem structure was also used in
our work and the modifications of Newton’s/gradient steps will be described latter as well as
algorithm properties which will be also demonstrated by examples.
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Chapter 4

Approximated MPC

In nowadays computational power of embedded systems is good enough that various opti-
mization problems can be solved online. But also there is need of controllers for extremely
fast systems for which even powerful micro-controllers is not sufficient solution and faster and
faster algorithms have to be developed. One way how to obtain them is to approximate the
original problem.

These techniques are based on the idea that since model of the controlled plant is uncertain,
system states are measured/estimated inaccurately and various disturbances effect on our
real system it does not make sense to make exact control law and rather perform some faster
approximated one instead.

Since computational effort needed to solve control optimization problem very depends on
its formulation it makes sense to study how problem can be formulated properly. It already
has been shown two basic formulation - primal dense and sparse in Section 2.4.

Dual dense formulation where states instead of inputs are optimized was introduced in
[17] recently (briefly described in Appendix A). It seems to be complementary formulation
to the other two basic formulation. But thanks to the approximation it can be solved faster
then other two exact formulation.

Another approximate schema has been introduced in [4] in context of primal barrier
interior-point method. It has been shown that even such approximate schema may has good
performance for fast sampled systems (in order of ms).

In this section two novel approaches of fast MPC are introduced. The first method is
inspirited by [4] where it was shown that even if each QP is solved suboptimally the controller
performance is still good enough even without fulfilled dynamics constraints of the model.
But in contrary to [4] in this work constraints of system dynamics are assumed as soft from
the beginning and rather combined Newton/gradient method is used instead of IP.

The second method on the other side is approach following the condensed MPC method-
ology (e.g. [15]) inspired by [17] mentioned before. The improved method proposed here
is aimed to decrease number of variables of resulting optimization problem and thus can be
viewed as an alternative to input blocking (see [24]).

For both novel methods it is shown that with assumed approximations computational
time demand is reduced and resulting control policies are thus suitable for real-time control.
For the latter approach also less amount of memory is required.
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4.1. DyNAMIC PENALTY METHOD

4.1 Dynamic Penalty Method

The proposed method is based on the idea to modify the original MPC problem in a sense
that the system dynamics is not as usual considered as hard equality constraint but rather
as the soft constraint modeled as quadratic penalty with fixed weight. This is based on the
observation of [4], where it was shown that the performance of suboptimal controller was still
comparable with the ”exact” one even when the constraints on the system dynamics were not
fulfilled. But here it will be shown that the controller performance would not degrade much
if such an assumption is made at the beginning. Also it will be shown that the structure
of such approach can be exploited in Algorithm 4. Preliminary results of this section were
presented in [46].

4.1.1 Exact Problem

Let us to remind the sparse formulation (Section 2.4.2). For optimization variable z =

[ug, R TE ,x%]T € R" problem of MPC (2.6) can be rewritten into the common form

of quadratic program as

1
mzin J(z)==2THz+2Tf

2
st. Cz=d
2<z<Z (4.1)
with known data
R ;
Q
H = R ., f=0
I QN
(B -1 ] [—Axy, ]
A B -1 0
C = , d= :
A B -1 0
L E . L € .
z= [QT zl Wl ... @T]T, zZ= [HT zr al ... ET]T. (4.2)

Remember that constraint Fzy = e with E € R"**"™* is provided due to stability enforcement
[41].
4.1.2 Approximated Problem
Let define residuum of not fulfilled the equality constraint in (4.1) as
r(z)=d—-C-z.

Hereafter the equality constraint will be omitted, instead every deviation will be penalized
by added quadratic term in new criterion

J(z;¥) = %zTHz + 2T f +r(2)TWr(2), (4.3)
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where ¥ = blkdiag(P, ..., P) € RWN+Dnex(N+hne ig penalty parameter with P € R% X" P =
PT 0.

See that with ¥ — oo system dynamic behavior (2.1) will be assumed more strictly since
only additional term will be minimized. On the other hand with ¥ — 0 system dynamics
become more soft hence can be violated. Note that penalty W also affects the problem
conditioning. Thus dynamics softness must be choose properly.

Next, (4.1) can be rewritten into

st. 2<z2z<zZ (4.4)
with structured Hessian

G=H+CToC =

(b0 Pe
: ¢b ¢c d)d
. ¢a ¢e
_ - | (4.5)
¢)b ¢c ¢d
: ¢a ¢e
L - Pyl
¢o = R+ B"PB ¢pa=—-A"P
op=Q+ P+ ATPA ¢e = —BTP
¢ = ATPB ¢f=Qy+P+F'PF

and appropriate linear part h = f — CT Wd.

Note that number of square blocks in the Hessian is equal to length of optimization
horizon N. Note also that Hessian has specific sparse structure suitable to be exploited in
computations of gradient or/and Newton’s step. This will be presented in following Section
4.1.3.1.

4.1.3 Algorithm Tailoring for Approximated MPC

In this section description how problem sparsity with specific structure can be exploited in
context of combined Newton/gradient projection algorithm (described in Section 3.4). Note
that the most computational demanding part of Algorithm 4 is step where computation of
the Newton’s step is provide. Which in case of general QP leads to solution of set of linear
equations. The solution is usually obtained by the factorization approach using Cholesky or
LDL factorization followed by forward and back substitution. Hence the complexity of the
solution of (3.10) growths cubically in the number of optimization variables, thus also in the
prediction horizon.

In [16] the method based on Riccati recursion was used for reducing the complexity of
Newton’s step computation to growth only linearly in the prediction horizon if dual QP
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problem is solved. Similar was achieved in [4] where the IP method which exploited the
sparsity structure of sparse MPC was introduced.

On the other hand in [15] there was introduced an approach based on null space method
(see e.g. [36]) for box constrained primal dense formulation of MPC which reduces the number
of variables in (3.10) to those which are inactive, but the cubic dependence to prediction
horizon was preserved.

In the following, the algorithm which can take the best from both last mentioned ap-
proaches is presented. It uses null space method to eliminate the variables which are currently
on their boundaries and benefits from the sparse structure of the problem to obtain linear
growth of complexity in prediction horizon.

4.1.3.1 Treating Hessian Structure

The computation of the gradient for the cost function in (4.4) requires approximately order n?
flops. In contrast computation of Newton’s step has order n2 flops. Thus the most challenging
is to minimize computational burden for Newton’s step nevertheless time-saving variants of
other methods are mentioned below.

Gradient Computation In gradient computation the matrix-vector multiplication Gz is
crucial. Thus generic solver carry out this operation in 2N?2(n,, + n,)? flops. On the other
hand by utilizing the block-tridiagonal structure of (4.5), this can be reduced to N(2n2 +
612 + 8ny,n,) flops, here only the linear growth of complexity in horizon is obtained.

Newton’s Step Computation Two things are provided to computational saving: 1) Hes-
sian size reduction by null-space method; 2) Computation of size-reduced Newton’s step with
exploiting the Hessian structure.

Former one is based on idea that the Newton’s step should be zero in directions where the
constraints are active. Therefore the reduced Hessian G = Z®TGZ® and reduced gradient
g=127 XAV (z(i); W) can be defined, where Z € R""*"=""a jg pull-space of inequalities
constraints matrix (for details of null-space method see [36]) and n, is the number of active
constraints.

Then reduced Newton’s step p including elements p; € W where W is the working
set in ith iteration of Algorithm 4 and it can be computed by solving of

Gpl) = —g. (4.6)

When j is obtained one can compute original full-sized Newton’s step p(d) = Z (i)Tﬁ(i).

Furthermore it has been shown in [15] that for box constrained problem it is not needed to
explicitly form the null space matrix Z®, but reduced Hessian and gradient can be obtained
directly by only removing the rows and columns corresponding to currently active constraints
from the Hessian of the original problem (4.4). Then the new Hessian G' order is reduced to
Ny =Ny — Ng.

Direct methods for efficient solving (4.6) - Cholesky factorization LL" = G, forward-
substitution Ly = —g and back-substitution ETﬁ(i) = ¢ must be computed. Note that
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Cholesky factor L of reduced Hessian G has also sparsity structure as follows

Iy -
Loy Loy
L3y Lss

wll
|

(4.7)

Ly-in-1
Lyn-1 LnnN

This structure can be exploited by the following algorithm (see e.g. [28, 4]):

-l_-/lll_/,{l = Gll
EQII_/,{l = GQI

EQQ[_/%E = GQQ — Egligl, and so on...

Such factorization can be handled with N(1/3n3 + 10/3n3 + 3n2n, + 6n2n,) flops in worst
case when no constraint is active, instead of 1/3N3(n, + n,)? flops when whole matrix is
decomposed, see that cubic dependency to prediction horizon is reduced to linear only.

Also substitutions is possible to optimize. For lower factor (4.7) The forward substitution
can be written straightforwardly as

Liyi = -0
Losys = —(g2 + La11)
L3sys = — (g3 + L3272), and so on. ..

For the sake of completeness even tailored method of back substitution is mentioned below.

E%,Nﬁg\? = YN
E%fl,N—lﬁg\Zf)—l =YN-1t E%,Nflﬁ%)

- L B . P
LN—Z,N72PE\Z/)72 =YyN-2+ LN,l,N,gp%)fl, and so on. ..

Then each substitution required N (3n2 + n?2 + 4n,n,) flops in contrast to N?(n,, +n,)? flops
if the matrices are dense.

Exact Line Search See [36] for details of exact line-search method for box constrained
problems. This method is provided in Algorithm 4 twice each iteration. In the line-search
method computation of product d’ Gd where d is a direction of search (in Algorithm 4 it can
be either the negative gradient or Newton’s step) the most computationally demanding part.
Here also the same procedure as for gradient computation can be used hence the computation
can be done with O(N(n2 + n2)).

4.1.4 Numerical Experiments

In this section the performance of proposed method is shown on two examples: oscillating
masses and random systems (for its origin see [4]). All numerical tests were executed on
computer with Intel®Core™2 Duo CPU P8400@2.26GHz, running Linux. Implementation
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was written as a C-MEX function for Matlab environment. Subroutines from BLAS and
LAPACK libraries were employed to carry out linear algebra operations. Time was measured
by clock_gettime() function with up to nanosecond resolution.

For all tests the default parameters of MPC are used: R=1,Q =1,Qn =1, E =0.

4.1.4.1 Oscillating Masses Simulation

Oscillating masses model is represented by six masses connected by string between walls.
It is described via states € R'? as masses horizontal position, velocity and controlled by
inputs u € R? as forces work between some of this masses (see Figure 4.1.1). Each mass
position saturates in +4 from its natural steady state position. Control limitation is stated
on £0.5. Each of the masses is perturbed by unknown disturbance in range £0.5. The
regulator problem is solved, i.e. stabilization of each mass in its origin.

The following test run simulations over 1000 steps on a random setting of oscillating
masses model. The horizon length was fixed N = 10 for all simulations.

| ~Us=]

\—.u1<—, T =’U,2J

Figure 4.1.1: Oscillating masses model [4]. Siz masses between the wall. Force acting between
some of masses is denoted by arrows.

In Figure 4.1.2 and Figure 4.1.3 histogram of the stage costs

lk = CL‘le‘k + ukRuk (48)

of the simulations (k = 1,...,1000) are shown. Mean value of stage cost [ is computed as
mean value of stage costs [, over the whole horizon. Exact solution is found by solving (2.16)
by quadprog routine from Optimization Toolbox in Matlab.
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Figure 4.1.2: Stage cost histograms for
simulation of oscillating masses - influence
of the penalty parameter ¥ and unbound
maximum number of iteration (imq: =
00). The solid red line donates mean of the
distribution. The number in upper right
hand side corner denotes mean value of
stage costs.

Figure 4.1.3: Stage cost histograms for
simulation of oscillating masses - influence
of the maximum number of iteration %,,q,
of Algorithm 4 with fixed penalty param-
eter W = 1031. The solid red line donates
mean of the distribution. The number in
upper right hand side corner denotes mean
value of stage costs.

Exact problem was approximated by penalty with fixed ¥. Our method in the first case
solves each QP to the optimal regardless to how many iterations it cost. It is evident that
with increasing the penalty parameter ¥ the mean value of the solution is closer to the exact
one (Figure 4.1.2).

In Figure 4.1.3 maximum number of iterations instead of penalty parameter was tuned
and penalty parameter was fixed ¥ = 103I. It can be seen that for the testing system
maximum number of iterations i,,,, = 5 could be set for the algorithm (4) in controller to
get approximately constant time demand with minimum impact to controller quality.
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From the results in Figure 4.1.2 we established for the system that the penalty parameter
U = 1037 is sufficient. Signal of one state and one control input for this penalty parameter
are just for the sake of completeness shown in Figure 4.1.4 where each problem were solved
to optimality. It can be seen that resulting control has almost the same quality.

0 5 10 15 20 25 30 35 40 45 50
steps

Figure 4.1.4: Oscillating masses simulation of first state and input. In this case parameters
were set as U = 1031, i,,42 = 00. Blue solid line as reference for exact MPC, dashed red line
for approximate MPC.

4.1.4.2 Random Systems

In the following two tests set of 1000 random stable systems (except that poles on unit circle
are included) with the fixed parameters n, = 4, n, = 2, N = 10 were taken. In this case
limits were chosen +10 for state and 40.2 for inputs. The initial states were picked randomly
around the origin in range (—1,1).

Single QP Solution First, random systems were taken and its appropriate QP of approx-
imated problem solved to optimality. Results are shown in Figure 4.1.5 where it may look
like that choice of ¥ > 5e31 leads in general to good approximation since median of relative
error of the cost function is around 1.72%. The relative error of cost function is defined as

errory = 100(J — Jref)/Jref, (4.9)

where J = u” Hu + fTu is cost function computed with optimal solution w of the proposed
approximate method while in J,.¢ exact solution of (2.7) is used.
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Figure 4.1.5: Relation of penalty parameter ¥ to cost function error (4.9) of QPs related to
the random systems. For each box, red line in the center is the median, the bottom of the box
is the 25th percentile, the top is the 75th percentile. Red crosses represent the outliers.

Control Simulation Solution In this test each random system was controlled over 100
time-steps. In contrary, Figure 4.1.6 illustrates how relative error of mean value of stage costs
depends on penalty parameter. The error of mean relative stage cost is defined as

errory = 100(1 = lyef)/lref, (4.10)

where [ denotes mean stage cost of our method while /,.; denotes mean stage cost of reference
(exact solution of (2.7)). Figure 4.1.6 proofs that even if individual QP is solved suboptimally
(even with large cost function error, see Figure 4.1.5) resulting control performance may be
even still good enough hence to get well performed controller even ¥ = 10%] can be used. In
this simulation (Figure 4.1.6) a set only of 100 random systems was controlled over 100 steps
due to the test complexity hence the results may not be exceedingly accurate nevertheless the
trend is obvious.
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Figure 4.1.6: Relation of penalty parameter ¥ to mean stage cost error (4.10) of control
simulations of random systems. For each box, red line in the center is the median, the bottom
of the box is the 25th percentile, the top is the 75th percentile. Red crosses represent the
outliers.

Comparison of Proposed Methods Finally time comparison with several of state-of-
the-art approximate approaches introduced in [4, 2, 47] is presented. In this experiment four
different methods are compared on small or medium-scale problems only.

Let us briefly summarize properties of these methods:

Presented The presented method solves sparse MPC problem (4.4) where system dynamics is
assumed to be soft, penalized by ¥ = 103I. Combined Newton/gradient method (Algo-
rithm 4) modified as described in Chapter 4 is used with earlier termination such that
algorithm is stopped when maximum number of iterations i,,,, = 5 is reached.

IP Primal Interior-Point (IP) method solves sparse formulation of MPC as defined in [4].
For this purpose modified package published on Stanford University web pages related
to [4] was used. In this case dynamics is considered as hard and constraints are handled
by barrier method. Interior-point solver with infeasible start was executed with 4,4, =
3 (fixed number of Newton’s step) and barrier parameter was fixed t = 10% for all
problems.

Next QP algorithms based on condensed formulation (2.7) of MPC were treated.
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FGP Fast gradient projection (FGP) represents basic implementation (without problem pre-
conditioning) of algorithm presented in [2]. This approach is one of the ”exact” ones
and thus was taken as reference. FGP solver was set to stop when e-optimal solution is
found for e = 107,

ASM Finally, solver gpOASES [47] was employed. Package qpOASES implements sophisti-
cated active-set method (ASM) with warm-start.

In the test there were generated 3 random linear systems of (2.1) with additional state
disturbance in range +0.5 with different n,, n,. The simulation with 1000 time steps for 3
different lengths of prediction horizon were executed. Experiment was executed 3 times and
minimal time for each step was accepted. The resulting times written in Table 4.1 are mean
value of accepted times in ms. The relative stage cost error (4.10) was below 2 % in all cases
when as a reference FGP was taken. The formulated problems (2.7) had condition numbers
K~ 10%.

’ Ng Ny N H Presented ‘ 1P ‘ FGP ‘ ASM ‘
4 2 10 0.026 | 0.036 | 0.052 | 0.128
4 2 20 0.053 | 0.066 | 0.099 | 0.222
4 2 30 0.092 | 0.097 | 0.183 | 0.372
7 3 10 0.034 | 0.053 | 0.064 | 0.124
7 3 20 0.076 | 0.103 | 0.165 | 0.265
7 3 30 0.164 | 0.152 | 0.785 | 0.506
10 4 10 0.058 | 0.078 | 0.069 | 0.172
10 4 20 0.175 | 0.154 | 0.645 | 0.734
10 4 30 0.329 | 0.238 | 0.785 | 1.091

Table 4.1: Comparison of computation times on random systems simulation. Presented de-
notes our method; IP denotes solver developed in [4]; FGP [2]; ASM denotes solver qpOASES
performed especially for MPC' [47]. All times proposed in the table are in ms.

In Table 4.1 several trends can be observed. See the last column of the table, the ASM has
the worst times which is caused by the fact that problems were solved exactly by active-set
method where Newton’s step computation is executed each iteration and the algorithm needs
many iterations to find exact solution since there were many active constraints in optimum.
See also that times growth rapidly since number of problem variables increases cubically in
N - n,, for the problem formulation. Almost same tendency can be viewed in results for FGP
where a lot of gradients were computed.

An approximated methods based on sparse formulation follow. See the times growth
linearly in case of IP and superlinearly in case of presented method. What causes the super-
linear trend in computational demand of the presented method? Null-space method entails
that Newton’s steps computed in Algorithm 4 will be cheaper since reduced Hessian is used,
on the other hand exact line search method computed twice per iteration is additional effort.

Hence the presented method is suitable especially for small-scale problems where the best
results of all compared methods were achieved.
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4.2 Approximated Dense MPC Formulation Framework

The main disadvantages of QP arising in condensed MPC (Section 2.4.1) are ill-conditioning
and that problem structure is lost which causes that computational complexity of the problem
grows cubically with number of optimized variables.

To deal with the computational demand some techniques were developed. The most es-
sential is input blocking [24] which reduces problem dimension by reducing degrees of freedom
- problem is reformulated in a way that only control over several time-steps at the beginning
of the horizon is computed. For the rest of the horizon constant control is assumed. This
method decrease computational burden significantly and hence is very popular in practice,
but resulting control policy may be very conservative. From this point of view it would be
much better if not constant control would be considered for the rest of the horizon and hence
control policy would not be so conservative.

In this section a novel formulation of MPC which reduces computational effort similarly
as input blocking will be introduced. But in the proposed strategy for the rest of the horizon
not constant control is assumed .

The main idea is to split optimization horizon into two parts for inputs and then inject
appropriate prediction such that only start of prediction horizon will be optimized and the
rest will be approximated. This give us new generalized view on condensed formulation of
MPC. In this view classical condensed formulation presented in Section 2.4.1 is just limit
(exact) case where N,, = N (IV, is control optimization horizon defined lower) furthermore
it will be shown that solution for N, = 1 may be still competitive in performance but with
extreme computational saving.

For approach introduced in Section 4.1.4 only quantitative change in performance has
been seen, but for this approach qualitative change in control policy is expected thus rather
tracking problem will be provided in Section 4.2.3.

In following section modified prediction will be derived. Then, in next section novel
formulation of the old problem will be stated. At the end properties of the presented method
will be discussed.

4.2.1 Modified Prediction Based on Augmented State-Space Model
Recall for augmented state-space model based prediction for output error (2.20).

e =wi + WAu. (4.11)

In this section it will be shown how this prediction (4.11) can be rewritten into a general
form which allow us reformulate the problem as it is described in following section.
Our approach requires to split prediction matrix W as follows

C.A C.B
~ ~92 ~ ~ ~
CeA CeAB
w = . , W=[W,| Wy, |= _ e : (4.12)
.~N 3 ~:_ _ ‘. c. s
C.A c.A" 'B B

(4.13)
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where the horizon for control is spitted into two parts: Start of the horizon is denoted as
Auy = Auyg,...,Auy,—1; End of the horizon is denoted as Auyn, = Aup,,...,Auy_1,
for sake of space saving subscripts consist the initial subscript in appropriate part of the
horizon only. Thus additional parameter for the presented framework must be defined as
N, €N, 0< N, <N.

Finally, the generalized prediction (4.13) can be expressed in a way that only start of the
control horizon with the current state is isolated on the ride hand side as below

[Au Ny

e :| = P'wik + PWQAUO, (4.14)

where P = [-Wy, I * Remind that (.)* donates Moore-Penrose pseudo-inversion.

4.2.2 Problem Reformulation

Objective function of reference tracking problem (2.22) can be then rewritten as

N-1 Ny—1 N-1

. 1 ~T ~ 1 ~T =~ 1 T 1 T _
J = QQNQNQN + 3 321 €, Qén + 3 ngzo Au, RAu, + 3 n_EN Auy, RAu,, =
T RN
1 u 1
- [A’“fNu] Q [A%N“] + —Aul RyAug (4.15)
2 € On e 2
r

with known data Ry € RNunwxNunu Ry e RIV=Nu)nux(N=Nujnu @ ¢ RIN=Lnyx(N=1)ny
and Qn € R <"y,

Remind that QP arising in MPC can be stated symbolically as

min control criterion
s.t. prediction

physical limitation of plant inputs (4.16)

It is usual in condensed formulations to eliminate prediction (equality constraint) by its
introduction into criterion.
Then such modified criterion where new prediction (4.13) was eliminated is

1 1
J = 5Aug“WOTQOWoAuO + Aul Wl QuwAZ, + §Au0TR0AuO (4.17)
with properly defined weighting matrix Q, = P'TP, Q, € RN wxN-ny,

4.2.2.1 Coordinate Transformation

The tracking criterion (4.15) is defined with control increments hence variables optimized by
appropriate QP would be also increments of inputs. It is disadvantageous that the result has

32



4.2. APPROXIMATED DENSE MPC FORMULATION FRAMEWORK

to be recalculated to another coordinated each time to be applied to the plant. Also it is
important to provide hard constraints which arise from limitation of the plant. But if box
constrained problem is assumed control increment formulation (briefly described in Section
2.6) causes this simple boundaries would be lost and cannot be exploited in the optimization
algorithm. Thus well known trick, coordinate transformation

Aug = Kug+ Mu_q (418)
1 -1
-1 T 0

is provided to preservation of simple constraints. This transformation is based on simple
observation that Au, = u, + U,_1.
Reformulated objective function which is optimized eventually is

1
J= inTKTWOTQOWOKuO +ul KTWE QW oMu_1+
1 1
+§u§KTWOTQOw:zk + 5uOTKTROKuO +ul KTRyMu_, (4.20)
where all constant terms were already omitted, since they do not influence the minimizer.

Thus resulting control problem which need to be solved is stated in term of quadratic
programming as

1
min inTHuo +ul f

Uo
st ug <wu < (4.21)
with
H=K'(WlQ,W,+ Ry)K (4.22)
f=K'"W{Qwz,+ K"WQWoMu_,. (4.23)

Note that the Hessian size is only Nyn, x Nyn, where N, is chosen such that 0 < N, < N.
Thus in limit case problem size can be even n, x n,. On the other hand only first input
control is optimized hence only first control input can be constrained. It will be shown in
next section how much is the loss of performance caused by this approximation unimpressive.

4.2.3 Properties of the Proposed Method

In the new formulation framework proposed in this work theoretical extension of fundamental
MPC formulation is provided. One can choose length of horizon N, then for first part 0 — NV,
exact control strategy will be computed and for the rest of the horizon approximated control
strategy will be used instead. Note that for the second part of the horizon N, — N the
constraints are not considered.

This difference in control strategy may be unsuitable for some kind of process control
application i.e. where the actuators are saturated all the time.
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On the other hand increasing the parameter N,, cause large improvement in a way that the
result of the approximate strategy will be much closer to the exact one and also computational
demand will be much smaller then for exact dense formulation.

On the example of a system which step responses can be seen in Figure 4.2.1 a properties
of the approximated approach will be shown. The system has n, = 6,n, = 3,n, = 2 and
length of prediction horizon for controller was set as N = 10.

Step Response

From: In(1) From: In(2) From: In(3)
20
z 10
jn
S 0
3 -0
=
=
S
< 5
o
=
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5
'_
-10
-15
0 10 200 10 200 10 20
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Figure 4.2.1: Step responses of an example system.

First, it can be seen in Figure 4.2.2 that for an unconstrained case of the multiple-input
multiple-output (MIMO) system same solution as in exact case is obtained. It means that
for systems for which no constraints is considered only small optimization problem (with n,,
optimized variables) have to be solved.

Next, it is shown on constrained case for which several degree of approximation were chosen
how much different the control policy is. Example is served in Figure 4.2.3 for different values
of N, =1,2,5,10 (exact solution). It can be seen that only a half-length approximation has
very similar results with much less computational effort in contrast with exact solution.

On the next Figure 4.2.4 appropriate problem conditioning is shown. It can be seen that
even for small level of approximation N, = N — 1 the optimization problem is much less
conditioned. This is caused by splitting the prediction matrix W which consist high power
orders of A.

Because a problem arising from the formulation framework has lost sparsity structure any
generic solver can be used with no privilege. For the computational times see e.g. [15] where
times for different-sized QP for another combined Newton/gradient method are presented.
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Figure 4.2.2: Unbounded approximate control. C'V denotes controlled variable, MV denotes
manipulated variable. Red color sign reference value in CVs while bounding in MVs. Blue
solid line denotes exact solution (N, = N ) and green dashed one denotes approzimate solution
for N, =1,2,5.
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Figure 4.2.3: Bounded approximate control. CV denotes controlled variable, MV denotes
manipulated variable. Red color sign reference value in C'Vs while bounding in MVs. Blue
solid line denotes exact solution N, = N (80 optimized variables) moreover approximate
solutions are black dashed line for N, =5 (15 0.v.), cyan dashed line for N, =2 (6 0.v.) and
green dashed line for N, =1 (8 o.v.).
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Figure 4.2.4: Conditioning of the problem Hessian for different N, for the example (Fig-
ure 4.2.1).
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Chapter 5

Conclusion

Model-based predictive control is a multivariable control technique which is able to provide
optimal control policy with consideration of physical limitation of controlled process. Optimal
control problem (OCP) for finite horizon is solved each time-period and resulting control
action for current inputs only is applied to the plant.

Since OCP must be solved each time for purpose of fast sampled system effective OCP
(very often and also in our case quadratic programming) formulations and appropriate algo-
rithms have to be developed. Efficient One way how to overcome computational limits are
various approximation-based techniques.

In this work fundamentals of linear MPC were shown. Some basic exact as well as advanced
approximated approaches were described with manifold references on the literature. Also
several state of the art algorithms for solving QP problem arising in MPC were proposed and
their advantages and disadvantages discussed. All of this aim to the main load of this work -
to develop fast approximate algorithm for model predictive control.

In this work two novel approaches for fast MPC has been introduced. The first one,
sparse MPC where soft dynamics of the system is a priory assumed solved by combined
Newton/gradient method. By numerical examples it is shown that this approach is for small
and medium-scale instances of random dynamical systems faster then other state of the art
methods while the control performance is preserved.

The second approach is condensed approximated MPC framework which main object is
to reduce number of optimized variable in a way that no constraints will be assumed for
certain part of prediction horizon. Thus require memory demand which is very important in
embedded systems will be saved. Furthermore if degree of freedom of OCP will be decreased
also computational effort will be decreased. This properties have been also shown here. Also
it is shown that conditioning of the resulting optimization problem arising in the framework
is significantly improved.

Moreover even if some part of the prediction horizon is approximated such that no con-
straints for this part are provided it seems that overall controller performance is not harmed
dramatically. Thus the method introduced in this work may be an alternative approach to
the input blocking technique which is widely use nowadays to decrease degree of freedom of
OCP.

In short, in this work new theoretical results were derived and novel formulations of MPC
stated. Also with this work two novel implementations of online MPC were developed and
tested.
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Future work

In the future work the latter introduced approach will be investigate properly. Appropriate
attention will be focused on pseudoinversion technique and its consequences on overall control
process. Another goal will be to extend the proposed approximation idea for dual dense MPC
where states are the optimized variables (inspiration in [17]). Also problem structure could
be possibly exploited if appropriate reformulation will be developed (inspiration in [26]).
Although the problem conditioning is better in contrary to standard dense formulation some
kind of preconditioning could be used to achieve even faster control. The theoretical results
obtained in control could be possibly extend for moving horizon estimation (MHE). Finally,
application on real-world problem is expected.
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Appendix A

Dual Condensed Formulation

In this section it is briefly described formulation [17] which is complementary to the rest of
basic formulation (2.4), although the formulation was developed recently.

The idea is to use opposite approach then was shown in primal dense formulation (2.4.1)
that is to express inputs in prediction equation as shown below

u=0br,+ Ve (A1)
—BTA BT
0 , —-BtTA Bt
0= —V+’U = 0 s V = ‘/vJr = _B+A B+ . <A2)

See sparse character of prediction matrices.
By injecting (A.1) to the (2.6) QP problem with interesting features is obtained and it
can be stated as
1
min inHa: + T
s.t. c<x<T
u— vxp < Vite <u-—wzx (A3)

with Hessian matrix H and linear part f as follows

H = Q+V' RV (A.4)
/T = V' Réx, (A.5)
where Hessian has sparse structure
Q+ BT (R+ ATRA)B* —BTTATRB*
o ~BTYRAB* Q+ BT (R+ ATRA)B*
' : ~BTTATRB*
—BT*RAB* Q+ BT RB*
(A.6)

This formulation is quite interesting since many positive features are reached: Hessian is
sparse with block-tridiagonal structure, condition number is low in contrast to primal dense
formulation. On the other hand significant drawback occur - input constraints are not handled
implicitly. Anyway problem dimension is stated as N - n.
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Appendix B

CD-ROM

Files on appended CD are categorize into two folders as follows

Latex contains working files of master thesis report.

Matlab contains both developed methods.

Root folder contains also the Master Thesis document which includes Diploma Thesis
Assignment and Prohlaseni as well.
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